In this paper, formulas for partial sum of floor and ceiling function of all positive real powers of natural numbers are proposed. Proposition of a formula related to difference of floor and ceiling function is given. Further, two infinite series of floor and ceiling functions are introduced. We have taken special case of real numbers of kind 1/q and deduce some special results from aforementioned formulas and series. We have validated all our propositions and deductions with the help of tables. It is seen that some of our results and deductions reduce to the famous Gauss formula for a particular case whereas both the infinite series and their deductions reduce to the Riemann zeta function for a special value.
Introduction
Numbers have played a crucial part in the advancement of human civilization, especially natural numbers. A painstakingly detailed amount of work has been done related to the natural numbers, throughout the last three centuries by mathematicians such as Gauss, Euler, Riemann, and Bernoulli. The initial development of partial sum of first ݊ natural numbers was given by Gauss [1] in the 18 th century, and it was generalized for all natural powers of natural numbers, known as Faulhaber's formula (or Bernoulli's formula) [2] . In the mid nineteenth century Riemann [3] introduced a working definition for a function of complex variable ‫′ݏ′‬ ሺ∑ ݊ ‫ݏ−‬ ∞ ݊=1 ሻ (The function was already introduced for real variables by Euler in the 18 th century). There are also functions named floor and ceiling [4] which assign all the real values to particular integers.
The floor and ceiling functions are used in various fields of Mathematics, Science and Engineering such as rounding, truncation, studying roofs of buildings for the ability to withstand hurricane force winds in structural studies, data encryption and probability theory etc. While a massive amount of work is done related to such functions in the last century, there is no known work done to obtain partial sum of floor and ceiling function of all positive real powers of natural numbers.
In this paper, taking ܽ ∈ ℝ ା and ‫ݏ‬ ∈ ℝ , we suggest novel formulas for finding the values of ሼ∑ ‫݅ہ‬ ‫ۂ‬ ୀଵ 
Preliminaries
The following results and definitions are useful for our study:
2.1 Gauss Formula [1] : The partial sums of the series 1 + 2 + 3 + ⋯ + n (first n natural numbers) is given by a simple The floor function of any real number ‫ݔ‬ (denoted by ‫)ۂݔہ‬ gives the greatest integer not greater than ‫.ݔ‬ For example ‫ۂ4.1ہ‬ = 1, ‫ۂ2ہ‬ = 2, ‫ۂ4.3−ہ‬ = −4 and ‫ۂ2−ہ‬ = −2.
The ceiling function (denoted by ‫,)ۀݔڿ‬ same way gives the smallest integer not smaller than ‫.ݔ‬ For example ‫ۀ4.1ڿ‬ = 2, ‫ۀ2ڿ‬ = 2, ‫ۀ4.3−ڿ‬ = −3 and ‫ۀ2−ڿ‬ = −2.
From above we can see that ‫ۀݔڿ‬ = ‫ۂݔہ‬ = ‫ݔ‬ if and only if ‫ݔ‬ ∈ ℤ.
Proposal for new results
While trying to understand the behaviour of the Faulhaber's formula and Riemann Zeta function, we developed some unique results. We propose these generalized results without proof in this section.
. ሺሻ: ‫݅ہ‬ ‫ۂ‬ If we consider ܽ being the form of ଵ , ‫ݍ‬ ∈ ℕ, we have following deductions:
. ሺሻ: ඌ݅
One can see that, from Faulhaber's formula (see 2
is well defined ‫ݔ∀‬ ∈ ℕ. So for the both deductions 3.1(a) and 3.1(b) one can simply have direct solution for particular values of ݊ and ‫.ݍ‬ For example if ‫ݍ‬ = 5 and ݊ =1200, then right hand side of Deduction 3.1(a) simply reduces to:
Same behaviour can be observed for Deduction 3.1(b).
Note 3.1.3
One can simply put ܽ = 1 in Propositions 3.1(A) and 3.1(B) or ‫ݍ‬ = 1 in Deductions 3.1(a) and 3.1(b), which reduces to very well-known result known as Gauss formula (see 2.1).
As we know ‫ۀݔڿ‬ = ‫ۂݔہ‬ = ‫,ݔ‬ if ‫ݔ‬ ∈ ℤ. If we take ܽ = 1 ‫ݎ‪ሺ‬‬ ‫ݍ‬ = 1ሻ, we have
Same can be shown for ܽ = 1 ሺ‫ݍ‬ = 1ሻ in Proposition 3.1(B) (or Deduction 3.1(b)).
The following tables contain the data which supports our propositions with distinct random values of ܽ and ݊: 
this can be written as
is termed as Riemann-Dhairya Ceiling function ሺ‫ܦ‬ ሺ‫ݏ‬ሻሻ for simplification.
Note 3.3.2:
We can observe that for ‫ݏ‬ = ‫ݍ‬ we get
where ߞሺ1ሻ is not defined. , ‫ݍ‬ ≠ 1
We can see that even if as the individual function diverges, their difference is convergent. 
Scope:
As it is observed that propositions 3.3(A) and 3.3(B) and their deductions can be reduced to Riemann-Zeta function for some special case, they can potentially be related to the series and/or the sequence (pattern) of prime numbers or they may be used to solve the Riemann hypothesis, both problems remain hitherto unsolved.
Conclusion
Floor and Ceiling functions are fundamental theoretical problems of number theory having several practical applications and are frequently used in various aspects of mathematics and computer science. In this paper, various generalized formulas related to both functions are given. Data given in the table justifies the proposed results. It has been shown that 
Hence ܲሺ1ሻ is true.
Induction step:
We assume that the given proposition is true for ݊ = ݇ and we need to show that it is true for 
Thus from equations 3 and 4 we conclude that ܲሺ݇ + 1ሻ is true whenever ܲሺ݇ሻ is true.
Hence by the principle of mathematical induction ܲሺ݊ሻ is true ∀ ݊ ∈ ℕ. Therefore deduction 3.1(a) is true ∀ ݊ ∈ ℕ. Basic step of induction, we need to show that ܲሺ1ሻ is true.
We assume that the given proposition is true for ݊ = ݇ and we need to show that it is true for ݊ = ݇ + 1 ܲሺ݇ሻ: ∑ ඃ√݅ඇ = ሺ݇ሻඃ√݇ඇ + ඃ√݇ඇ ଶ − ∑ ‫ݐ‬ ଶ ඃ√ඇ ௧ୀଵ ୀଵ Thus from equations 7 and 8 we conclude that ܲሺ݇ + 1ሻ is true whenever ܲሺ݇ሻ is true.
Hence by the principle of mathematical induction ܲሺ݊ሻ is true ∀ ݊ ∈ ℕ. Therefore deduction 3.1(a) is true ∀ ݊ ∈ ℕ.
